The phenomenological consequences of the residual Z s 2 and Z s 2 symmetries are explored in detail. With a precisely measured value of the reactor angle, these two residual symmetries predict distinct distributions for the Dirac CP phase and the atmospheric angle, which leads to the possibility of identifying them at neutrino experiments. For both symmetries, it is possible to resolve the neutrino mass hierarchy in most of the parameter space, and they can be distinguished from one another if the true residual symmetry is Z s 2 and the atmospheric angle is non-maximal. These results are obtained using an equally split schedule: a 1.5-year run of neutrinos and a 1.5-year run of antineutrinos at NOνA together with a 2.5-year run of neutrinos and a 2.5-year run of antineutrinos at T2K. This schedule can significantly increase and stabilize the sensitivities to the mass hierarchy and the octant of the atmospheric angle with only a moderate compromise to the sensitivity of distinguishing Z 
I. INTRODUCTION
The reactor angle has been accurately measured in the last two years. The first hint of a nonzero reactor angle came from the T2K experiment [1] , followed by MI-NOS [2] and Double CHOOZ [3] , with a confidence level around 3σ. The next spring, Daya Bay [4] and RENO [5] arrived at conclusive measurements, reaching 5.2σ and 4.9σ, respectively. The significance continued climbing to 7.7σ [6] by October of the same year, resulting in a large reactor angle, sin 2 2θ 13 = 0.089 ± 0.010 ± 0.005, and providing a great opportunity for further developments in the field of neutrino physics.
From the theoretical side, new models are needed to accommodate the large reactor angle, see reviews [7] [8] [9] and references therein. A direct consequence of a nonzero reactor angle is that µ-τ symmetry has to be broken. It may appear as a part of the full flavor symmetry that constrains the fundamental Lagrangian, but it has to be broken when neutrinos obtain mass. Similarly, all other broken symmetries are hidden, at least in neutrino oscillation experiments, hence "do not lead to testable predictions" [8] . If neutrino mixing is really determined by some symmetry, it has to be a residual symmetry that constrains the neutrino mass matrix and hence directly determines the mixing pattern [10] .
With this picture in mind, two approaches [9] can be identified in the search of a model to account for the large reactor angle. First, corrections can be added to drive the reactor angle away from zero and the atmospheric * ddhanlon@gmail.com † gesf02@gmail.com ‡ repko@pa.msu.edu angle away from the maximal value with the extent of the deviations depending on model parameters. Or, a residual symmetry can be used to establish a correlation between mixing parameters that is independent of model parameters [10] . This unique correlation can predict the reactor angle that is consistent with current experiments, or it can predict the Dirac CP phase to be tested by future experiments. Full flavor symmetry can be reconstructed in a bottom-up way from residual symmetries [11] which serves as a lower energy effective theory.
From the experimental side, the large reactor angle paves the way to measure the remaining parameters of neutrino oscillations. The mass hierarchy can be measured by medium-baseline reactor experiments, such as JUNO [12] and RENO-50 [13] , atmospheric neutrino experiments, such as PINGU [14] and HyperK [15] , as well as accelerator experiments, such as NOνA [16, 17] , see [18] for more details. For the atmospheric angle, PINGU and MINOS [19] can help to narrow its uncertainty and hence tell its deviation from 45
• and to which side, or octant, it will deviate. The CP effect can be determined by accelerator type experiments such as T2K [20] and NOνA. These experiments will report data in the next few years and make precision tests of neutrino mixing models possible.
In this paper, we explore the phenomenological implications of the residual Z s 2 and Z s 2 symmetries in detail. In Sec. II, the unique correlation between the neutrino mixing parameters is used to predict the Dirac CP phase and the atmospheric angle with one of the recent global fits. In Sec. III these predictions are then used as input to future precision neutrino experiments to study the prospects of verifying/falsifying the Z s 2 and Z s 2 residual symmetries. We will conclude the paper in Sec. IV. 
II. PREDICTIONS OF Z
where (c α , s α ) ≡ (cos θ α , sin θ α ) and the subscripts are chosen according to the physical/historical meaning of the corresponding mixing angles. Note that θ r is denoted as θ x in [10] because at that time it had not yet been measured, but now history has marked it as the one first measured by reactor neutrino experiments. In addition, the PDG convention of the mixing matrix [21] has been adopted resulting in a minus sign for the expressions of cos δ D . The above correlations and the expanded forms [10] are reproduced in various models, [11, 22] and [23] , respectively.
There is an important property of the above correlations. These expressions contain only mixing parameters with no reference to model parameters. In other words, it is a unique prediction that can serve as a robust indication of the existence of residual Z s 2 or Z s 2 symmetries and can be directly verified by precision measurements. This property make the correlation very restrictive and powerful.
With the reactor angle θ r around 8.7
• [6] , the Dirac CP phase (1) has a large chance to fall into the meaningful range of cos δ D ∈ [−1, 1]. If the atmospheric angle θ a also deviates from its maximal value θ a = 45
• , as indicated by global fits [24, 25] and the preliminary measurements of MINOS [19] , a reasonable prediction of δ D can be obtained [10] . Since our last paper, the global fits have been updated by including the recent measurements from reactor neutrino experiments [24] [25] [26] and it would be interesting to see to what extent the new data affect the prediction.
In order to make a close comparison with the results shown in [10] , we adopt the global fit updated in [24] . The χ functions concerning the six neutrino oscillation parameters have been summarized in Fig. 3 therein. Of these six parameters, the solar mass squared difference δm 12 ), the solar angle θ s , and the reactor angle θ r have χ functions that are independent of the mass hierarchy, while the constraint on the absolute value of the atmospheric mass squared difference δm 2 a (≡ δm 2 13 ) has a slight dependence. The largest difference comes from the atmospheric angle θ a and the Dirac CP phase δ D due to the octant-hierarchy and CP-hierarchy degeneracies [27] . The resolution of the atmospheric angle's octant is better for normal hierarchy (NH) than for inverted hierarchy (IH). Since the correlations (1) are functions of θ a and δ D , the resulting predictions will also bear some dependence on the neutrino mass hierarchy. To make it more realistic, we extract [28] the exact χ curves from Fig.3 of [24] as input. In this way, the complicated distributions, especially that of θ a , and the mass hierarchy dependence are both taken into account in contrast to using the (a)symmetric Gaussian distribution in [10] .
By combining the correlations (1) and the global fit [24] , we can obtain a distribution for cos δ D using the following integration,
is a δ-function with c D denoting the RHS of (1), and the P function denotes the normalized distribution which is related to the χ function of the corresponding parameter in [24] as P ∝ exp(−χ 2 /2). The integration (2) is carried out by an adapted C++ version of the Monte Carlo integration and event generation package BASES [29] . Then, the distribution of the Dirac CP phase can be obtained through,
In principle, the χ 2 (δ D ) function for the Dirac CP phase in Fig. 3 of [24] can also be extracted and implemented to account for the prior constraint. In that case, there would be an extra P(δ D ) in (2) . Nevertheless, it has negligible effect on the prediction, and is neglected in the following discussions with the only exception being in the prediction of the atmospheric angle.
The predicted differential probability distributions of the Dirac CP phase δ D and the Jarlskog invariant J ν ≡ c a s a c s s s c 2 r s r sin δ D [30] are shown in the upper and lower panels of Fig. 1 , respectively. Note that for a certain value of cos δ D , there are two solutions of which only the one in the range 0 < δ D < π is displayed. There is a mirror distribution δ D → −δ D that should be kept in mind. So the curves in the upper panel of Fig. 1 have an extra normalization factor of 0.5 in addition to the expression in (2) . For the Jarlskog invariant J ν , the two mirror distributions have been combined by displaying
For the distribution of δ D shown in Fig. 1 , there is only one prominent peak for NH, whereas an extra peak appears for IH due to the strong dependence of the input χ 2 (s In other words, if the neutrino mass hierarchy is normal these two residual symmetries can be discriminated by simply measuring the Dirac CP phase precisely. The dependence on other parameters is elaborated in Sec. III. For IH, the minor peak of Z s 2 has some overlap with the major peak of Z s 2 . Thus, there is still a small chance that measuring only the Dirac CP phase will not suffice to differentiate between the two symmetries.
In spite of the apparent difference between the δ D distributions of Z s 2 with NH and IH, the distributions of the Jarlskog invariant are quite close to each other. This is because the minor peak for IH is actually a mirror to the major one with δ D → 180
• − δ D , and the major peaks for NH and IH overlap with one another. It is difficult to distinguish the mass hierarchy if only the leptonic Jarlskog invariant J ν can be measured. This is also true for Z s 2 as the two curves for NH and IH are not so far from each other in most regions. A vacuum oscillation experiment may not be able to measure the difference, as the CP effect is always proportional to the leptonic Jarlskog invariant. However, the difference between Z s 2 and Z s 2 is significant. The peaks of the former are very narrow, while those of the latter extend through the whole range from 0 to 0.04. This is different from the results in [10] using the global fit before the reactor angle had been measured. It shows that precision measurements of the mixing parameters can really help to distinguish residual symmetries. If future measurements tell us that 0.02 < |J ν | < 0.04, Z |J ν | is even larger than 0.04, both of them can be eliminated.
With the reactor angle being precisely measured, the atmospheric angle becomes the parameter in need of improvement, especially its deviation from 45
• . The correlation (1) can now be used to predict the atmospheric angle θ a as a function of the reactor angle θ r , the solar angle θ s , and the Dirac CP phase δ D , in a similar way as (2) and (3). The results are shown in Fig. 2 . Since the global fit results of θ r , θ s , and δ D have little dependence on the neutrino mass hierarchy, the predicted distribution of θ a is almost the same between NH and IH. However, the result depends on the distribution of δ D . Without any constraint on δ D , the predicted θ a sits symmetrically on the two sides of θ a = 45
• , peaking around 32 • is favored, the predicted distributions of θ a become asymmetric around the middle point. This is because a prior favoring δ D ≈ 180
• brings a preferred sign into tan 2θ a through cos δ D in (1). This sign combines with the mainly positive factor (s 2
to account for the major peak in the lower octant (LO) or the higher octant (HO), respectively. Things can be different if other priors on δ D , such as [26] and [25] , are imposed. It is essential to have a precision measurement on δ D . In addition, the distribution is constrained within 30
• < θ a < 60 • for Z Since the correlations (1) involve the three mixing angles and the Dirac CP phase, it is necessary for all of them to be precisely measured in order to finally verify the residual symmetry. According to Sec. II, the current χ 2 (δ D ) function obtained indirectly from the global fit does not have much effect, especially in comparison with the prediction of δ D itself from (1) . A more precise measurement of δ D is necessary.
In the near future, the Dirac CP phase will be measured by the two experiments T2K [20] and NOνA [16, 17] . So we will focus on these two experiments to explore the phenomenological consequences of the residual Z symmetries. The predictions (1) of the Dirac CP phase in Sec. II, together with the normalized global fit distributions of the remaining five parameters [24] , are used as input for simulation with GLoBES [31] using the model files for T2K [32] and NOνA [16, 33] with cross sections taken from [34] . There are three major modifications:
1. The matter density distribution [35] is adopted for T2K to take the complicated geological structure of Japan into consideration. For NOνA, we use the default constant matter density ρ = 2.8g/cm 2 . In addition, each experiment has a 5% uncertainty in the normalization of the matter density. [36] , splitting the running time equally among neutrinos and antineutrinos would help to avoid the chance of failing to identify the true hierarchy at the NOνA experiment. So we choose to split the 3-year run of NOνA and the 5-year run of T2K equally among neutrinos and antineutrinos. As a comparison, the schemes of purely neutrinos or antineutrinos are also explored.
As pointed out in
3. User-defined priors are implemented instead of the default Gaussian distribution. To comply with this flexibility, the minimization and projection of χ Since the Dirac CP phase is a function of the mixing angles now, only two major degrees of freedom, namely the neutrino mass hierarchy and the octant of the atmospheric angle, need to be explored at neutrino experiments. The other four parameters, the two mass squared differences, the solar angle, and the reactor angle, are set to be their corresponding best fit values [24] 
The first term represents the statistical contribution from the event rates registered by the experiments under consideration, and the following four terms are the priors extracted from the global fit [24] . Note that the priors on the atmospheric angle χ 2 (s 2 a ) and the Dirac CP phase χ 2 (δ D ) are not included, in order to show the pure sensitivity from new measurements without contamination of their priors.
A. The Neutrino Mass Hierarchy
Since the neutrino mass hierarchy is a discrete degree of freedom, we can use either NH or IH to fit the pseudo data and obtain the corresponding minimum χ 2 min . If the mass hierarchy used to fit the pseudo data is the same as the one used to generate it, the χ 2 function (5) can be minimized to zero. Otherwise, a nonzero minimum would result. The difference represents the sensitivity of distinguishing NH from IH. For convenience, we show its absolute value, ∆χ 2 ≡ |χ • ]. These are used as true values to generate the pseudo data to which the χ 2 fit is carried out with the six neutrino oscillation parameters being free. The results are shown in Fig. 3 and Fig. 4 as functions of the true value of θ a . The negative (δ D < 0) and positive (δ D > 0) solutions are plotted in thin and thick curves. To see the benefit of splitting the running time among neutrinos and antineutrinos, three schemes, namely NOνA with 3-years of neutrinos (3ν), or 3-years of antineutrinos (3ν), or 1.5-years of neutrinos and antineutrinos (1.5ν + 1.5ν), have been explored. Finally, we show the combined result (NOνA+T2K), with 1.5 years at NOνA and 2.5 years at T2K, each for neutrinos and antineutrinos. Fig. 3 shows the hierarchy sensitivities when Z s 2 is imposed. For NH with δ D > 0 and IH with δ D < 0, there is almost no chance to identify the neutrino mass hierarchy, due to CP-hierarchy degeneracies [27] . The following discussions focus on the other two cases, NH with δ D < 0 and IH with δ D > 0. If NOνA runs for 3 years with neutrinos (3ν) or antineutrinos (3ν), the mass hierarchy can be identified in only a part of the region of sin 2 θ a . For NH with δ D < 0, the sensitivity ∆χ 2 > 4 can be reached for 0.5 < sin 2 θ a < 0.7 with a 3-year run of neutrinos, while it can never reach ∆χ 2 > 2 in the entire region if a 3-year run of antineutrinos is adopted. The situation can be significantly improved if NOνA runs with an equal splitting of the running time between the neutrinos and antineutrinos (1.5ν + 1.5ν). The sensitivity can increase to ∆χ 2 > 2 for almost all values of sin 2 θ a , and the coverage of ∆χ 2 > 4 now extends to sin 2 θ a > 0.45 and even sin 2 θ a > 0.41 if combined with T2K (NOνA+T2K). A similar thing happens for IH with δ D > 0. The only difference is, if running with only neutrinos or antineutrinos, the sensitive octant switches in comparison with the case of NH with δ D < 0. The sensitivity reaches ∆χ 2 > 2 in the region 0.37 < sin 2 θ a < 0.54 with a neutrino run and sin 2 θ a > 0.49 with an antineutrino run. In either case, splitting the running time helps to avoid the uncertainty from the unknown octant of θ a . Note that, T2K can contribute at most ∆χ 2 ∼ 1 to the measurement of the neutrino mass hierarchy.
The results for Z s 2 are shown in Fig. 4 . Most features of Z s 2 still apply here. Nevertheless, the differences are also apparent. First, not every value of sin 2 θ a corresponds to a Dirac CP phase δ D through (1). For sin 2 θ a < 0.38 and sin 2 θ a > 0.62, the prediction runs out of the meaningful range, −1 < cos δ D < 1. Actually, its inverse has already been observed in Fig. 2 [27] , the sensitivity ∆χ 2 approaches zero when they converge. Another difference from Fig. 3 is that the sensitivity of distinguishing NH and IH is slightly smaller for Z In Fig. 5 , we show the results obtained by generating the pseudo data with Z s 2 and fitting it with Z s 2 . The first thing to be noticed is the oscillatory behavior. For δ D ≈ ±90
• , no difference between the two residual symmetries can be observed. This is because, around these two places, cos δ D is very close to zero, leading to an almost maximal atmospheric angle for both Z splitting the running time would compromise some sensitivity, but it is still acceptable, since the sensitivity is already large enough. In addition, the measurement is easier if the true mass hierarchy is inverted for δ D ≈ 0
• and normal for δ D ≈ 180 • . The above observation also applies to T2K, as shown in Fig. 5 with the only difference that now NH is the one that has larger sensitivity for a 5-year run of neutrinos.
If Z s 2 is the true residual symmetry, fitting with Z s 2
would not achieve any remarkable sensitivity at NOνA and T2K. The reason for this appears in Fig. 2 . The distribution of θ a implied by Z (1) we can see that, if the atmospheric angle θ a is not maximal, the Dirac CP phase will deviate from δ D = ±90
• and the sensitivity of distinguishing Z s 2 and Z s 2 can increase significantly.
In Fig. 6 we show the ability of T2K to measure the octant of the atmospheric angle. In the simulation, the correlation (1) of Z For LO, a 5-year run of neutrinos has better sensitivity for δ D > 0 than for δ D < 0, and the opposite for a 5-year run of antineutrinos. These are reversed for HO. Note that not every case has a large enough sensitivity. However, running with 2.5 years each for neutrinos and antineutrinos can lead to stable sensitivity around ∆χ 2 ≈ 4. These also apply to NOνA.
Special attention should be paid to the equal running time scheme at NOνA and T2K. For the mass hierarchy and the octant of the atmospheric angle, an enhanced and stable sensitivity can be achieved in contrast to the single mode of running neutrinos or antineutrinos. Although it is a compromise in the sensitivity of distinguishing Z s 2 and Z s 2 , the sensitivity is still acceptable. With all these factors taken into consideration, it is better to adopt the equal running time scheme. Since our model with the residual Z s 2 or Z s 2 symmetry is an example of the general case which is not constrained by any correlation such as (1), the feature should also apply generally.
IV. CONCLUSION
This paper explores the phenomenological consequences of the residual Z s 2 and Z s 2 symmetries. The refined measurements on the reactor angle leads to distinct predictions of the Dirac CP phase and the atmospheric angle between the two residual symmetries. For Z s 2 , the predicted distribution of the CP phase peaks around ±60
• , while the peak is around ±140
• ∼ ±145 • for Z s 2 . The Jarlskog invariant of the former is constrained within 0.02 < J ν < 0.04, while it extends from 0 to 0.04 for the latter. The atmospheric angle obtains a broader distribution 30
• < θ a < 60 • from Z • , both Z 2 s and Z s 2 can be excluded if the atmospheric angle is not maximal. Otherwise, no sizable sensitivity can be achieved. All these results are obtained with a split schedule, a 1.5-year run of neutrinos and a 1.5-year run of antineutrinos at NOνA together with a 2.5-year run of neutrinos and a 2.5-year run of antineutrinos at T2K. This arrangement can significantly increase and stabilize the sensitivities to the mass hierarchy and the octant of the atmospheric angle with only a moderate compromise to the sensitivity of distinguishing Z s 2 and Z s 2 , in comparison to running with purely neutrinos or antineutrinos.
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NOTES ADDED
At the final stage of this work, there appeared two works [38] that also explore the phenomenological consequences of residual symmetries at neutrino experiments.
